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Abstract. We study the nanoscale behaviour of the density of a simple fluid in the vicinity of an
equilibrium contact line for a wide range of Young contact angles θY ∈ [40◦, 135◦]. Cuts of the
density profile at various positions along the contact line are presented, unravelling the apparent
step-wise increase of the film height profile observed in contour plots of the density. The density
profile is employed to compute the normal pressure acting on the substrate along the contact line.
We observe that for the full range of contact angles, the maximal normal pressure cannot solely be
predicted by the curvature of the adsorption film height, but is instead softened – likely by the width
of the liquid-vapour interface. Somewhat surprisingly however, the adsorption film height profile
can be predicted to a very good accuracy by the Derjaguin-Frumkin disjoining pressure obtained
from planar computations, as was first shown in [Nold et al., Phys. Fluids, 26, 072001, 2014] for
contact angles θY < 90◦, a result which here we show to be valid for the full range of contact
angles. This suggests that while two-dimensional effects cannot be neglected for the computation
of the normal pressure distribution along the substrate, one-dimensional planar computations of
the Derjaguin-Frumkin disjoining pressure are sufficient to accurately predict the adsorption height
profile.
Key words: adsorption, contact line, simple fluid, disjoining pressure, Derjaguin-Frumkin, Hamil-
tonian
AMS subject classification:
76T10, (Liquid-gas two-phase flows, bubbly flows)
82B05 (Classical equilibrium statistical mechanics)
suggestions, check out http://www.ams.org/msc/msc2010.html
1Corresponding author. E-mail: s.kalliadasis@imperial.ac.uk
1
A. Nold et al. Contact angle fluid structure
1. Introduction
Consider a fluid interface in contact with a solid substrate. This scenario describes a container
filled with liquid, a drop sitting on a leaf, or a vapour bubble inside a liquid filled bottle. Imagine
observing a point in the vapour phase. As the liquid phase is approached, a rapid, yet smooth
transition in the density occurs at the liquid-vapour interface. Staying on this interface and ap-
proaching the substrate, would reveal a variety of physical effects that become significant. First,
the fluid feels an attractive force of the wall particles. At the same time, the nature of the solid
substrate forces the fluid particles to ‘jam’ and restrict their mobility as the wall is approached.
In this work, we are interested in the effect of the wall attractive forces on the density profile
in the vicinity of a three-phase contact line for a wide range of contact angles. Developing a
fundamental understanding of these small-scale phenomena at equilibrium is important to predict
the dynamic nanoscale behaviour of the moving contact line, which is still a controversial problem
with a wide range of physical explanations being offered (for a review, see Bonn et al. [4] or
Snoeijer and Andreotti [37]). In this context, our intention is twofold: First, to illustrate and
give a general understanding for the density structure of the fluid as well as its form and scale of
variations in the vicinity of the contact line; and second, to illustrate the impact of the contact line
on the normal pressure distribution acting on the substrate. The latter point is directly connected
with the definiton of the disjoining pressure. The uniqueness of disjoining pressure definitions was
recently discussed critically in several papers [16, 15, 19, 14, 13, 26].
To describe the interaction between a solid substrate and a fluid interface, we choose to model
a simple fluid, i.e. a system of identical particles in contact with a homogeneous, perfectly flat,
hard wall. The particles of the fluid are modelled as hard spheres interacting with a Lennard-Jones
type potential decaying with r−6, where r is the interparticle distance. The wall and fluid particles
are assumed to interact via a similar Lennard-Jones type potential.
Contact line models, including nonlocal contributions to the free energy beyond those of the
disjoining pressure, have previously been studied analytically [23, 28, 36, 12, 37]. However, for
the sake of analytical attainability, only simple models of the free energy model can be considered
and restrictive assumptions on the nature of the density profile at the contact line have to be made.
In contrast, we consider the density structure at the contact line numerically employing classical
density functional theory (DFT), an approach derived from the statistical mechanics of fluids [9].
DFT has proven to be a numerically efficient way to model equilibrium properties of inhomo-
geneous fluid systems. It can be viewed as middle ground between continuum hydrodynamics,
which is inapplicable at small fluid volumes, and particle-based Monte-Carlo (MC) or Molecular
Dynamics (MD) simulations, which despite dramatic improvements in computational power are
still restricted to small fluid volumes. In fact, compared to MC or MD simulations, for which
the numerical complexity scales with the number of particles modelled, DFT gives the ability to
solve directly for the density distribution, with the advantage that its computational complexity is
formally independent of the number of particles. Thus, modelling larger systems, such as contact
lines, becomes feasible.
The predictive qualities of the DFT results depend on the accuracy of the free-energy model em-
ployed. Here, we model the hard-sphere free energy with a fundamental measure theory (FMT) [29],
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while the attractive forces are included as a Barker-Henderson perturbation [2] in a mean-field man-
ner. DFT-FMT has been applied successfully in studies of critical point wedge filling [21], phase
transitions in nanocapillaries [42], thin films on planar substrates [41] and density computations in
the vicinity of liquid wedges [22]. A previous study by [27] on equilibrium contact lines utilised
a DFT local-density approximation (LDA) which is not appropriate to describe structuring in the
fluid and fails to describe the oscillatory behavior of the density in the immediate vicinity of a wall.
The present work parallels our previous study in [26] where DFT-FMT was used to analyse the
fluid structure in the immediate vicinity of a contact line for θY < 90◦. Here we investigate a wide
spectrum of contact angles 40◦ < θY < 135◦ and we shed further light on the density structure in
the vicinity of the contact line and its dependency on the wall strength. A discussion of the special
case of a 90◦ contact angle is also included. We present density profiles slice by slice as we sweep
through the contact line region and we contrast the profiles with that of a planar liquid film on a
substrate with the same film thickness, but at an off-saturation chemical potential. Interestingly,
the two are not that different, which suggests that results of the planar film case may be transferable
to the contact line. In particular, as in [26] we shall scrutinize the ability of Derjaguin-Frumkin
theory [5] for planar liquid films on a substrate to predict the height profile at the contact line. We
offer a unified Derjaguin-Frumkin treatment of the contact line for θY < 90◦ and θY > 90◦ by
appropriately extending the boundary conditions for the disjoining pressure equation to account
for the case θY > 90◦. We further study the connection between the Derjaguin-Frumkin disjoining
pressure and the normal pressure distribution acting on the substrate for non-planar liquid films,
such as given by the contact line, for 40◦ < θY < 135◦.
In section 2 we give an overview of the DFT model employed to solve for the equilibrium
density profile. The numerical scheme to compute the contact angles is introduced in section 3. A
description of the density structure in the vicinity of the contact line is given in section 4, before
discussing coarse-grained Hamiltonian approaches in section 5. Finally, a general discussion of
the results and concluding remarks are in section 6.
2. Statistical mechanics framework
As done for contact angles less than 90◦ in Ref. [26], we employ classical DFT to investigate the
density distribution in the vicinity of an equilibrium contact line at contact angles both greater and
less than 90◦. It is based on a statistical mechanics description and has been successfully applied
in the study of inhomogeneous fluids. It is based on the theorem of Mermin [24], which allows the
Helmholtz free energy F to be written as a unique functional of the number density n(r) [40]. The
equilibrium density distribution minimizes the grand potential [9]
Ω[n] = F [n] +
∫
n(r) {Vext(r)− µ} dr, (2.1)
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where µ is the chemical potential and Vext is the external potential, dependent on the position vector
r. We then minimize Eq. (2.1) by solving the Euler-Lagrange equation
δΩ[n]
δn(r)
= 0, (2.2)
where for a simple fluid of particles interacting with a Lennard-Jones potential, the free energy is
usually separated into a repulsive hard-sphere part and an attractive contribution
F [n] = FHS[n] + Fattr[n]. (2.3)
To accurately model both the structure and thermodynamics of hard-sphere fluids, we use the
Rosenfeld FMT approach [29] for the hard-sphere contribution [30]. The attractive interactions
are modelled with a mean-field Barker-Henderson approach [2]
Fattr[n] =
1
2
∫∫
φattr(|r− r
′|)n(r)n(r′)dr′dr, (2.4)
where the attractive interaction potential is given by
φattr (r) = ε
{
0 for r ≤ σ
4
((
σ
r
)12
−
(
σ
r
)6) for r > σ . (2.5)
Here, ε is the depth of the Lennard-Jones potential, σ is the distance from the center of the particle
at which the Lennard-Jones potential is zero, and r is a (scalar) radial distance. The simple fluid
described by (2.1)–(2.5) has a critical point at kBTc/ε = 1.0, where kB is the Boltzmann constant.
Computations in this work are performed at T = 0.75Tc, at which the liquid and vapour number
densities are well-separated (nliqσ3 = 0.622, nvapσ3 = 0.003) and at which the liquid-vapour
surface tension resulting from planar DFT computations is γlv = 0.3463ε/σ2. All two-dimensional
(2D) computations are performed at the saturation chemical potential, at which the bulk vapour and
bulk liquid are equally stable.
The wall-fluid particle interaction is modelled analogously to the fluid-fluid interaction as
φwfattr (r) = εw
{
∞ for r ≤ σ
4
((
σ
r
)12
−
(
σ
r
)6) for r > σ , (2.6)
where εw is the depth of the wall-fluid interactions. Let us take a Cartesian coordinate system with
the x-z plane parallel to the wall and the y-coordinate in the direction normal to the wall. The
external potential can then be obtained analytically from the integration of the interactions over the
uniform density distribution of wall particles nw for y ≤ −σ, giving
Vext (y) =


∞ y ≤ 0
2
3
παwσ
3
[
2
15
(
σ
y+σ
)9
−
(
σ
y+σ
)3]
y > 0
, (2.7)
where αw = nwεw is the strength of the wall potential.
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Figure 1: Plot of the Young contact angle θY dependence on the strength of the wall attraction αw.
Computations for γlv, γwv and γwl are done in a planar geometry, which are then inserted in (3.3).
In the bottom left inset θY is compared to 2D contact angle measurements θ which are solved for
y < ymax = 15σ and with θn = 90◦ (•), θn = 120◦ (+) and θn = 40◦ (♦). The top right inset
depicts the contour lines of the density profile for a Cartesian grid (θn = 90◦) and αwσ3/ε = 0.55
(giving θY = 134.2◦) for ymax = 15σ.
3. Numerical Method
To solve (2.2) numerically in a 2D domain, we employ a spectral collocation method [38]. We have
used this method successfully in our previous studies with both DFT-LDA and DFT-FMT (e.g. [42,
41, 26]). It should be emphasized that because the equations we wish to solve are non-local,
the resulting matrices following discretization are dense, however the advantage with the spectral
collocation method is that through a convenient choice of collocation points their number may be
kept relatively low, leading to significant reduction in the size of the matrices. The reduction in the
number of points becomes increasingly important when going to higher dimensions (as the number
of points in a product grid scales exponentially with the dimension).
Consider the tensor product of two one-dimensional (1D) Chebychev grids on the box (ξ, η) ∈
[−1, 1]× [−1, 1]. This computational domain is mapped onto the half space [−∞,∞]× [0,∞] by
x′ = L1
ξ√
1− ξ2
, y′ = L2
1 + η
1− η
. (3.1)
Here, L1 and L2 are numerical parameters determining the spatial resolution of the collocation
points close to x′ = 0 and in the vicinity of the wall, respectively. This Cartesian grid in the
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physical half-space is then skewed by an angle θn using the map
x =
x′
sin θn
+ y′ cot θn, y = y
′. (3.2)
The skewed grid allows us to have more discretization points near the fluid-fluid and fluid-solid
interface where higher density gradients are expected. In our computations, we assume that the
liquid-vapour interface is at an angle of θn for values y ≥ ymax, and only solve for collocation
points located at y < ymax, such that the resulting density profiles may only be interpreted for
y < ymax. In order to minimize the numerical inaccuracy caused by this cut-off, we iteratively
adapt θn and increase ymax to obtain a final result which is fully physically interpretable.
Physically, the contact angle of a liquid wedge is uniquely defined through the surface tensions
of the liquid-vapour phase, γlv, and the wall-fluid pair (γwv and γwl being wall-vapour and wall-
liquid surface tensions, respectively), given by the Young equation
γlv cos θY = γwv − γwl, (3.3)
where the surface tensions are quantities that can be extracted from planar/(1D) DFT computations
and θY is defined as the Young contact angle. Given that we restrict our attention to systems at
temperature T/Tc = 0.75, the only parameter on which θY depends is the strength of the wall
attraction αw. In figure 1, we plot the dependence of θY on the wall attraction. As expected
intuitively, the contact angle decreases with increasing wall-fluid attraction and reaches complete
wetting at the critical value of αw,critσ3/ε = 1.50. In 2D computations, the contact angle of the
liquid-vapour interface has to converge to θY at large distances from the wall.
To check this, we have performed computations on a Cartesian grid, employing (3.1) and (3.2)
with θn = 90◦, and assuming that above a limiting value ymax, the density at the collocation points
corresponds to an equilibrium liquid-vapour interface with a 90◦ contact angle. The result of the
density profile for such a computation is depicted in the top right inset of figure 1. By measuring
the slope of the isodensity line for n = (nliq + nvap)/2 in the interval y ∈ [10σ, 14σ], we obtain an
estimate for the contact angle in a 2D setting. The deviations to the θY are shown in the bottom left
inset of figure 1, showing very good agreement.
We have also performed computations on skewed grids, to increase the number of collocation
points in the vicinity of the contact line and the liquid-vapour interface, by assuming that the liquid-
vapour interface is at an angle of θn for values y > ymax. This allowed us to increase the value of
ymax to higher values. The corresponding behaviour is shown in figure 2, where for a wall attraction
of αwσ3/ε = 0.55 corresponding to θY = 134.14◦, the numerical parameters ymax and θn are varied.
It is seen that for all values of ymax and θn the contact angle approaches θY for increasing y, before
converging to θ = θn near y = ymax due to the imposed boundary condition. For reference, the
principal results presented in figure 3 were computed on a grid with 45× 75 collocation points and
parameters ymax = 35σ and θn = {135◦, 120◦, 90◦, 60◦, 40◦} for the different rows, respectively.
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Figure 2: Slope of the isodensity line for n = (nvap + nliq) /2 for ymax = {20, 25, 35}, represented
by the dotted, dash-dotted and solid lines, respectively. Computations are done on a skewed grid
with θn = 135◦, 134◦ and 134.2◦, represented by horizontal dashed lines, and results for which are
drawn with magenta, blue and black lines, respectively. The substrate strength is αwσ3/ε = 0.55,
leading to θY = 134.14◦, depicted by the red horizontal line. The inset shows a typical contour plot
for the density, where the contour lines correspond to number densities (n− nvap) / (nliq − nvap) =
{0.05, 0.5, 0.95} from left to right, respectively.
4. Fluid structure in the vicinity of the contact line
Figure 3 reveals the density structure for a fluid in the vicinity of the contact line for different wall
strengths. It can be seen that depending on the wall strength parameter αw, the contact density
at the wall for the wall-liquid interface changes significantly. In particular, we have checked the
consistency of the observed behaviour with the wall-fluid virial equation [16]
p = −
∫
∞
−∞
n(y)V ′ext(y)dy = n(0)−
∫
∞
0
n(y)V ′ext(y)dy, (4.1)
where n(0) stems from the delta-function contribution to V ′ext at y = 0.
The density plots at different positions in x across the contact line in the right column of figure
3 provide an insight as to how the transition between a wall-vapour and a wall-liquid interface
leads to a quasi step-like increase of the density in the contour plots. We note that this transition
is accompanied by a gradual increase of the distance between the liquid-vapour interface and the
wall. A similar transition can be observed when gradually varying the chemical potential for a
fluid film in contact with a planar wall. A typical example of the bifurcation diagram, also widely
denoted as the adsorption isotherm, representing this transition, is shown in figure 4, where the
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Figure 3: Contour lines for the number density (left column, subfigures I) and density profiles
as a function of the distance to the substrate at various positions x along the substrate (right
column, subfigures II). In the left column, the contour lines correspond to number densities
(n− nvap) / (nliq − nvap) = {0.05, 0.5, 0.95} from left to right. The height profiles hI,II,III, defined
through equation (5.6) with boundary conditions (5.7)-(5.8) and equation (5.13), are depicted by
black dash-dotted, dashed and solid lines, respectively, hI being virtually indistinguishable from
hIII. The solid lines in the right column represent the 2D density profile, plotted along the dashed
vertical lines of corresponding colour in the left column figures. These density profiles are com-
pared to the equivalent planar off-saturation liquid or vapour film of the same adsorption film
thickness, drawn with dashed lines.
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film thickness ℓ of the liquid or vapour film, defined by
ℓ:=
1
∆n
∫
∞
0
|n(∞)− n(y)|dy (4.2)
with ∆n =nliq − nvap, (4.3)
is plotted versus the deviation of the chemical potential from its saturation value ∆µ. In particular,
figure 4 shows the behaviour for a dewetting scenario of a growing vapour film. Each point on
the adsorption isotherm represents a density profile which satisfies the Euler-Lagrange equation
(2.2) for a planar configuration. As saturation is approached, the adsorption isotherm satisfies the
expected inverse cubic decay of ∆µ with ℓ for systems with dispersion forces [8], such as shown
in the inset of figure 4.
These density profiles are compared in the right column of figure 3 with density profiles across
the contact line which have the same adsorption (4.2). We note that the contact line is computed
at saturation chemical potential, whereas the chemical potential for the density profiles of the
adsorption isotherm is naturally off-saturation. Nevertheless, the result is unexpected and shows
a surprisingly good agreement, where for large film thicknesses, the density profiles at the liquid-
vapour interfaces differ because for a contact line the liquid-vapour interface is at an angle to the
wall, while the dashed lines always describe planar films.
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Figure 4: Plot of the adsorption isotherm for a dewetting scenario with wall attraction of αwσ3/ε =
0.7, corresponding to θY = 119.9◦. The inset shows the asymptotic behaviour for large ℓ, as
∆µ ∼ ℓ−3, where the dashed line is a fit for ℓ ∈ [10σ, 15σ] to ∆µ = aℓ−3, with computed
coefficient a = −1.21εσ3. In the inset individual DFT computations of the equilibrium density are
marked with circles and are connected by the solid line in the main plot for clarity.
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5. Hamiltonian approaches, Derjaguin-Frumkin route and dis-
joining pressure
In a coarse-grained description of the contact line, the two-dimensional density profile is reduced to
a height profile h(x) representing the liquid-vapour interface [17, 25]. At equilibrium, this height
profile minimizes the Hamiltonian [16]
H[h] =
∫
∞
−∞
{
γlv
(√
1 + (h′)2 − 1
)
+ V (h)
}
dx, (5.1)
where h′ = dh/dx is the slope of the interface and V (h) is the effective interface potential. The
first term in (5.1) accounts for the excess energy stored through the surface tension due to the
curvature of the liquid-vapour interface, while the second term accounts for corrections due to the
presence of the substrate. This not only includes direct attractive forces between fluid and wall
particles, but also corrections due to the distorted fluid density profile caused by the presence of
the wall. The effective interface potential V is linked to the disjoining potential Π by
Π(h) :=−
dV
dh . (5.2)
Usually, (5.1) is only applied in the lubrication approximation. For larger slopes, both the
separate inclusion of the effective surface potential and surface energy [28] as well as the functional
dependence of V on h alone, as opposed to a functional dependence on h(x), were put into question
[15, 19, 14, 13]. Here, we test for different disjoining pressure definitions whether (5.1) may be
used to to define height profiles for a large range of contact angles.
In [26] we have compared height profiles resulting from minimizing (5.1) with two different
definitions of the disjoining pressure for contact angles θ < 90◦. We note that these disjoining
pressure definitions are different from phenomenological analytical models such as used e.g. in
[34, 35] in that they are obtained directly from DFT computations, and therefore include the full
information of hard-sphere as well as the attractive particle interactions. The first disjoining pres-
sure definition we consider is based on the celebrated Derjaguin and Frumkin theory [7, 11]:
ΠI (ℓ) :=−∆µ∆n×
{
1 for n|y=∞ = nvap
−1 for n|y=∞ = nliq
, (5.3)
for a system at saturation chemical potential µsat. µeq is the chemical potential at which a film of
thickness ℓ is at equilibrium, such as depicted in the adsorption isotherm in figure 4, and where
∆µ = µeq (ℓ)− µsat. (5.4)
The first case of (5.3), n|y=∞ = nvap, describes a wetting scenario where the density at infinite
distance from the wall corresponds to the equilibrium vapour density. In this case, a liquid film will
slowly build as the chemical potential reaches its saturation value. In contrast, the dewetting case
n|y=∞ = nliq describes a vapour film in a bulk liquid environment, as in figure 4. The sign switch
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in (5.3) originates from the sign difference between the density in the film vs. the bulk density.
We note that contact lines with contact angle θY > 90◦ are described by a vapour film of varying
height, whereas contact lines with contact angle θY < 90◦ are described by a liquid film of varying
height.
As an alternative to the Derjaguin and Frumkin definition of the disjoining pressure (5.3), one
can define the disjoining pressure based on the normal force balance at the substrate. The disjoining
pressure is then defined as the excess pressure acting on the substrate due to the deviation from the
equilibrium density profile, caused e.g. by the boundary conditions imposed on the system [16, 15]
ΠII (x) :=−
∫
∞
−∞
(n(x, y)− n(∞, y))V ′ext(y)dy. (5.5)
Note that n(x, y)V ′ext(y) is the force acting through the external potential—representing the wall—
on the fluid element at point (x, y). In our case, n(x, y) is the density profile originating from a 2D
DFT computation of the contact line, and hence ΠII is a quantity containing information of the full
2D equilibrium density profile; in contrast (5.3) is derived from planar 1D computations.
The equilibrium height profiles hI and hII corresponding to the disjoining pressures ΠI and ΠII,
respectively, are obtained by minimizing the Hamiltonian (5.1), leading to the defining equation
for hI/II
−ΠI/II = γlv
d
dx

 h′I/II√
1 + (h′I/II)
2

 , (5.6)
with boundary conditions
lim
x→−∞
hI = h0 for θY < 90◦, (5.7)
and
lim
x→∞
hI = h0 for θY > 90◦, (5.8)
where h0 is the film thickness representing the wall-vapour interface in the wetting case and the
wall-liquid interface in the drying case. We note that h0 corresponds to the (finite) value at ∆µ = 0
of the adsorption isotherm in figure 4. Given that ΠI is a function of h, and not of x directly, (5.6)
for hI is an autonomous ordinary differential equation. This means that with (5.7), (5.8) hI is
translationally invariant in x. For simplicity, in figures 3 and 5, we depict one plot for hI or ΠI(hI).
The ordinary differential equation (5.6) defining the film heights hI/II can also be interpreted
as a form of the Young-Laplace equation for a pressure jump across a fluid interface, where the
left hand side describes the difference between the pressure acting on the substrate and the fluid
pressure at y =∞, while the right hand side represents the product of the surface tension with the
curvature of the interface.
Integrating (5.6) with respect to x and h, respectively, leads to the normal-force balance of
Young’s equation
−
∫
∞
−∞
ΠI/II(x)dx = γlv sin θY,I/II, (5.9)
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and the important expression of Derjaguin-Frumkin theory [6, 34]
−
∫
∞
h0
ΠI/II (h) dh = γlv
(
1− | cos θY,I/II|
)
, (5.10)
where θY,I/II ∈ [0, 180◦] corresponds to the limiting slope of the height profiles hI,II, respectively,
at distances far away from the wall:
θY,I/II = lim
hI/II→∞
tan−1 (h′I/II(x)) . (5.11)
Equation (5.10) can be interpreted as a force balance in direction parallel to the substrate. For
θY < 90
◦
, the right hand side of the equation represents the forces of the liquid-vapour interface
acting in the negative x-direction. For θY > 90◦, the height profile decreases from ∞ to h0 as
x increases. Due to this inversion of the height profile, (5.10) represents the force balance in the
positive x-direction. The force of the liquid-vapour interface acting in the positive x-direction is
γlv, whereas the force acting in the negative direction is γlv| cos θY|. We note that here, the modulus
accounts for the fact that for θY > 90◦, cos θY < 0, given that we have defined θY,I/II ∈ [0, 180◦],
as opposed to allowing for negative values of θY,I/II in (5.11).
Since both sum rules are derived from (5.6), θY,I/II in equations (5.9) and (5.10) are equivalent
and ultimately, both height profiles converge to the slope dictated by the Young contact angle. Thus
θY,I/II both correspond to θY defined in the Young equation (3.3). We will exploit this property to
estimate the accuracy of our numerical method.
αwσ
3/ε θY −
∫
∞
h0
ΠI (h) dh θY,I −
∫
∞
−∞
ΠII (x) dx θY,II
0.55 134.2◦ ± 0.1◦ 0.103± 0.002 134.5◦ ± 0.4◦ −0.244± 0.005 135.2◦ ± 1.1◦
0.7 119.9◦ ± 0.05◦ 0.172± 0.003 120.3◦ ± 0.5◦ −0.298± 0.002 120.5◦ ± 0.7◦
1.0 89.6◦ ± 0.1◦ 0.345± 0.001 89.8◦ ± 0.2◦ −0.3463± 10−4 (⋆)
1.25 59.9◦ ± 0.1◦ 0.173± 0.001 60.0◦ ± 0.2◦ −0.297± 0.003 59.1◦ ± 0.8◦
1.375 41.0◦ ± 0.1◦ 0.085± 0.001 41.1◦ ± 0.2◦ −0.234± 0.007 42.5◦ ± 1.6◦
Table 1: Comparison of θY as defined in (3.3), the contact angles θI,II defined through (5.11) as
well as the absolute errors of the integrals on the left hand sides of equations (5.9) and (5.10),
respectively. (⋆): Here, the integral expression gives sin θY,II = 1.0001 ± 0.0001, such that an
estimate for θY,II cannot formally be given.
In table 1, numerical values for the integrals of the disjoining pressures are given. Error bounds
∆ are estimated by comparing the integral expressions with γlv sin θY and γlv (1− | cos θY|), re-
spectively. These error bounds are then used to estimate error bounds of θY,I/II by
∆θY,II =
∣∣∣∣∣∣
∆
{
−
∫
∞
−∞
ΠII(x)dx
}
γlv cos θY,II
∣∣∣∣∣∣ and ∆θY,I =
∣∣∣∣∣∣
∆
{
−
∫
∞
h0
ΠI (h) dh
}
γlv sin θY,I
∣∣∣∣∣∣ . (5.12)
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The above formulations can be derived from (5.9) and (5.10) by using θY,I/II +∆θY,I/II and linearly
expanding to first order in ∆θY,I/II the right hand side of the respective equation around θY,I/II.
Finally, we compare the film height profiles hI and hII with the adsorption film thickness
hIII(x):=
1
∆n
∫
∞
0
| (n(x, y)− n(x,∞)) |dy, (5.13)
which is the 2D generalisation of (4.2). This allows us to define a disjoining pressure suggested by
the adsorption film height, obtained by inserting hIII into (5.6), giving the rescaled curvature
−ΠIII(h):=γlv
d
dx
(
h′III√
1 + (h′III)
2
)
. (5.14)
6. Discussion and conclusion
We have scrutinized the fluid structure and its properties in the vicinity of a three-phase contact
line by employing a DFT-FMT model. In particular, we presented density profiles slice by slice
as we sweep through the contact line region and we contrast the density profiles with the profile
of a planar liquid film on a substrate, but with the same film thickness, demonstrating that the
two are quite similar. We also scrutinized the ability of Derjaguin-Frumkin theory [5] for planar
liquid films on a substrate to predict the height profile at the contact line and we offered a unified
Derjaguin-Frumkin treatment of the contact line for θY < 90◦ and θY > 90◦ by appropriately
extending the boundary conditions for the disjoining pressure equation to account for the case
θY > 90
◦
.
In figure 3 we plot the height profiles hI/II/III for contact angles in the region 40◦ < θY < 135◦
and compare them with the contour lines of the density. The figure summarizes some of the main
results of our study as far as the behaviour close to the contact line is concerned. Additional infor-
mation on this can be extracted from figure 5 where we compare the disjoining pressure profiles
ΠI/II/III. An observation we made in our previous study in [26] for contact angles θY < 90◦, was that
the location of maximal curvature for the height profile hII is shifted towards the fluid phase if com-
pared with the adsorption height profile hIII. This observation can also be made in figures 3 (g,i)
and in figure 5 (b). However, this does not occur to the same extent in cases where θY > 90◦—such
as observed in figures 3 (a,c) and in figure 5 (a).
Furthermore, the maximal absolute curvature of the height profile hII (see dashed lines in fig-
ures 3 and 5) is lower than the maximal absolute curvature of the adsorption film height hIII (see
solid lines in figures 3 and 5). This can best be seen in figure 5 (we note that the disjoining pressure
corresponds to the rescaled curvature of the corresponding height profile). While the difference is
less pronounced for large contact angles θY > 90◦, it is still observable. In contrast, the film thick-
ness hI (see dash-dotted lines in figures 3 and 5) based on the adsorption isotherm, agrees very
well with hIII, often to the point of being virtually indistinguishable (compare the left column of
figure 3).
It should be noted that for a varying height profile, here enforced by the boundary conditions,
there exist conflicting definitions of the disjoining pressure—one based on the adsorption isotherm,
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Figure 5: Plots of different disjoining pressure definitions for different wall attractions. Dash-
dotted, dashed and solid lines depict disjoining pressures ΠI, ΠII and ΠIII, respectively. In subfigure
(a), the black and green lines show data for αwσ3/ε = 0.55 and 0.7, respectively, whilst in (b), the
black, green and magenta lines show data for αwσ3/ε = 1.375, 1.25 and 1.0, respectively.
the other based on the normal force balance. These two definitions lead to distinct height profiles,
which suggest that the use of the disjoining pressure based on the adsorption isotherm is more
appropriate, given the good agreement of the corresponding height profile with the adsorption
height profile. This is somewhat surprising, given that the disjoining pressure based on the normal
force balance ΠII contains information from the full equilibrium 2D density profile, whereas ΠI is
derived from purely 1D computations.
At the same time the behaviour of ΠII is such that the maximum absolute normal pressure
acting on the substrate is lower than the curvature of the adsorption height profile would suggest.
Also, for θY < 90◦, the maximal normal pressure does not act in the vicinity of the contact line,
but instead at a slightly shifted position towards the liquid phase. This interpretation could be of
interest for the nanoscale behaviour of contact lines at soft substrates, such as considered e.g. by
Lubbers et al. [18].
The special case of θY being very close to 90◦, such as depicted in figure 3 (e,f) for αwσ3/ε =
1.0, as well as the magenta lines in figure 5 (b), deserves a comment. In this case, the density at
very large distances from the wall n|y→∞ depends on the position x, and hence does not allow for
the definition of an adsorption height profile hIII through (5.13). While the disjoining pressure ΠI
based on the adsorption isotherm has a very high absolute maximum, the absolute maximum of ΠII
is less pronounced. Also, the width of ΠII corresponds roughly to the width of the interface and is
slightly shifted towards the fluid phase.
An important observation, therefore, is that the maximal normal pressure acting on the substrate
does not correspond with the maximal curvature of the adsorption film thickness or the maximal
value of the Derjaguin-Frumkin disjoining pressure ΠI. One reason for the softening of the nor-
mal pressure profile could be the width of the fluid interface. In particular, one can observe in
figure 5 (b), that the width of ΠII for θY ≈ 90◦, denoted by the dashed magenta line, corresponds
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approximately with the width of the liquid-vapour interface.
It is noteworthy that the main limitation of the model is that its mean-field nature does not
include the description of thermal fluctuations [1, 10, 20]. Inclusion of thermal fluctuations, which
become more pronounced with increasing film thicknesses ℓ, lead to a broadening of the liquid-
vapour interface and a renormalization of the dependence of ℓ on the chemical potential deviation
from saturation ∆µ [1] is needed. A detailed recent study based on molecular simulations and
experiments has found that thermal fluctuations lead to an effective film-height dependent surface
tension γlv(ℓ) in (5.1) [20]. A final conclusion about the effect on thermal fluctuations for the re-
sults presented here could be reached by a molecular simulations study in the spirit of Herring and
Henderson’s analysis [16], but including dispersion forces and a comparison with the correspond-
ing Derjaguin-Frumkin disjoining pressure. This, however, is beyond the scope of the present
study.
The important observation made here is that in a mean-field model, disjoining pressures ob-
tained from planar films via the Derjaguin-Frumkin route do allow us to predict with good accuracy
the structure of the contact line, hence implying a small contribution of non-locality. It would be
interesting to see if this holds for other settings, e.g. spherical droplets.
Of particular interest would also be to investigate very large contact angles close to 180◦, given
interesting recent results in this case [3] as well as the influence of surface roughness and chemical
heterogeneities which are known to influence wetting phenomena substantially (e.g. [31, 32, 33,
39]. We shall address these and related issues in future studies.
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